Abstract. In this article we obtain an improved upper bound for the regularity of binomial edge ideals of trees.
obtain an improved upper bound for reg(S/J T ). The upper bound obtained is better than the presently known bound, n − 1, for most of the trees.
Upper bound for regularity of trees
Let G be a block graph. If two distinct blocks in G share a vertex, then it is a cut vertex. A block is said to be an end-block if it contains at most one cut vertex. We define the block degree bd(v) of a cut vertex to be the number of blocks incident to v. A spine of a block graph G is defined to be a maximum length path P in G where every edge of P is a block in G. Note that it is possible that the spine is a single vertex. For v ∈ V (G), let lbd(v) denote the number of large blocks, i.e., blocks of size at least three, incident at v.
One of the terminology that we need is that of gluing of two graphs at a vertex. Let G be a graph. For a subset
Then we say that G is obtained by gluing G 1 , . . . , G k at v, [12] . A vertex v in a graph G is said to be a free vertex if it is part of exactly one maximal clique. Let G be a block graph and v be a vertex which is not a free vertex of a graph G. Let G ′ denote the graph obtained by adding edges between all the vertices of N G (v), G ′′ denote the graph G \ {v} and H denote the graph G ′ \ {v}. Then there is an exact sequence, [3, 1] :
If G is obtained by identifying a vertex each of k cliques of size at least three, then by [6] , reg(S/J G ) = k. Now, we consider block graphs having non-trivial spine. Theorem 1. Let G be a connected block graph in which every block of size at least three is an end-block. Let P be a spine of G of length
and b(G) be the number of large end-blocks that intersect the spine P . Then,
Proof. If there is no cut vertex in G, then G is an edge and hence the assertion holds, since e 2 (G) = 0, b(G) = 0 and C G = ∅.
Assume that G has at least one cut vertex. Let d(x, P ) denote the distance of the vertex x from the spine P and
, then G is a graph with a spine P and some cliques attached to P . Therefore, the assertion follows from [6, Theorem 4.5] .
Let d(G) > 0. Let v be a cut vertex in G such that d(v, P ) is maximum.
Case I: If bd(v) = 2, then there exists a graph G 1 containing v as a free vertex and a clique C such that G is obtained by gluing G 1 and C at v. Then e 2 (G 1 ) = e 2 (G) − 1,
By [6, Theorem 3.1], reg(S/J G ) = reg(S/J G 1 ) + 1. Hence the assertion follows.
Case II: Assume that bd(v) ≥ 3. Then v ∈ C G . Since v is not a free vertex, it follows from the exact sequence (1) that
Since H is an induced subgraph of G ′ , reg(S/J H ) ≤ reg(S/J G ′ ). Therefore, we get
We show that both the entries on the right hand side of the above inequality satisfies the bound given in the assertion. Note that v is not a cut vertex in
Further, there is a vertex u v ∈ C G ′ which is the unique cut vertex neighbor of v. Morever, we have lbd
Now we consider the graph G ′′ = G \ {v}. Let lbd G (v) = r. Then G ′′ is the disjoint union of G 1 which is the connected component of G ′′ containing P and C 1 , . . . , C r maximal cliques on at least 2 vertices and possibly some isolated vertices.
Now, there are two possibilities, namely e 2 (G ′′ ) = e 2 (G) + 1 or e 2 (G ′′ ) = e 2 (G). If e 2 (G ′′ ) = e 2 (G) + 1, then the unique cut vertex neighbor u v of v has block degree 2 in 
